Abstract
Introduction

1.
The idea of a syntax of thought is very important in certain formal approaches about human reasoning, for example, the one of the mental logic theory (e.g., Braine & O'Brien, 1998a; O'Brien, 2009 O'Brien, , 2014 O'Brien & Li, 2013) , which, as far as this idea is concerned, is based in turn on frameworks such as those of Fodor (1975) and Macnamara (1986) . In this way, especially relevant works can be, for instance, that of Braine and O'Brien (1998b, pp. 47ff) or that of O'Brien and Li (2013, pp. 27ff) . Likewise, papers such as, for example, the one of López-Astorga (2016a, pp. 12ff) also explain and develop this thesis. But what is relevant here is that this idea, which leads to think that human reasoning is about logical forms, is in crisis at present. Maybe the main motive of that is the success of other rival theory adopting semantic assumptions that can cause the need of a syntax in the human mind to be ignored. That theory is that of the mental models (e.g., Byrne & Johnson-Laird, 2009; Johnson-Laird, 2006 , 2010 , 2012 , 2015 Johnson-Laird, Khemlani, & Goodwin, 2015; Khemlani, Orenes, Johnson-Laird, 2012 Oakhill & Garnham, 1996; Ragni, Sonntag, & Johnson-Laird, 2016) . Indeed, this theory appears to raise great difficulties to the syntactic approaches such as that of the mental logic, and this is so for at least one important reason. If we pay attention to the cognitive science literature, we can note that the mental models theory predicts many more experimental results than the syntactic frameworks, which suggests that it is very possible that the human reasoning activity has nothing to do with logical forms, since the mental models theory propose that the human mind works taking into account basically just combinations of semantic possibilities and comparing them.
However, in my view, it can be thought that, even if we assume the main theses of the mental models theory, it is possible to speak about a deep or underlying syntax in the human mind. The reason of this is that, while, as held by the mental models theory, the identification of combinations of possibilities can be a clearly semantic process, the relationships that, subsequently, can be provided between those combinations in order to draw conclusions refer to processes that can be considered to be syntactic. But what is truly surprising in this regard is that those relationships and processes are largely coherent with, for instance, the general framework of the modal axiomatic system K, which in turn means that they may also not be inconsistent with logical calculi such as that of natural deduction presented by Gentzen (1935) , since, as it is known, K assumes standard logic.
To show this is the goal of this paper. To achieve it, I will firstly describe the general theses of the mental models theory and its proponents' arguments to hold that the comparison of semantic possibilities is enough to explain human reasoning. Secondly, I will account for how the theory exactly works in practice by means of some examples of inferences. Then I will also try to indicate how, from the combinations of possibilities identified by the theory, formulae in the language of K can be built. Finally, I will demonstrate that this last system can leads to conclusions akin to those predicted initially by the mental models theory. This last point will be explained with the help of the same examples used previously.
The Mental Models Theory and the Combinations of Possibilities 2.
True, the mental models theory is currently a very relevant approach that is able to explain many phenomena that other approaches cannot (see, e.g., . In fact, it has been used even to reinterpret ancient logical theories or clarify some of its points (see, e.g., López-Astorga, 2015a , 2016b , 2016c . For this reason, my aim here is not to challenge the theory, since its potential and its possibilities are obvious. As indicated, my intention is only to show that, although its theses on content and meaning are accepted, that does not necessarily lead us to reject the idea of a syntax of thought. But, evidently, to do that, it is essential firstly to comment on which those theses are. The truth is that they are to be found in several papers, books, and chapters of books. In this way, although, for instance, Johnson-Laird's (2012) chapter is only one of those works, it can be illustrative enough, as it includes a very interesting table ( Table 9 .2) that indicates the combinations of possibilities corresponding to each connective in standard logic (conjunction, disjunction, conditional,…).
However, before describing such combinations, it is necessary to highlight a basic differentiation that the theory provides. That is the differentiation between 'Mental Models' and 'Fully Explicit Models'. A Mental Model is "an iconic representation of a possibility that depicts only those clauses in a compound assertion that are true" (Johnson-Laird et al., 2015, p. 202) . On the other hand, a Fully Explicit Model "…represents a possibility depicting each clause in the premises as either true or not" (Johnson-Laird et al., 2015, p. 202) . It is hence obvious that the Fully Explicit Models are harder to detect, since they give more information, and that individuals not always identify them. They often detect only the Mental Models, as that is much easier.
In this way, coming back to Johnson-Laird (2012, p. 138 ) and his Table 9 .2, it can be said that, in the case of a conjunction such as 'p and q', it is only possible to speak about one Mental Model, which fits its only Fully Explicit Model too. That is as follows: p q This model, evidently, stands for a situation in which both p and q are true, that is, the only situation in which a conjunction can be true. But the case of an exclusive disjunction is different. Given that the Mental Models, as mentioned, only refer to what is true, the Mental Models of an exclusive disjunction such as 'p or q and not both of them' are:
p q
The first model represents the situation in which p is true and the second one corresponds to the scenario in which q is so. However, the Fully Explicit Models complete the information:
Where '¬' stands for negation. Now, what is false is also represented, that is, the first model not only shows that p is true, but also that q is false. Likewise, the second model informs both that q is true and that p is false.
It is clear, on the other hand, that if the disjunction were inclusive, that is, if it were 'p or q or both of them', it would have to include, in addition, a model such as that of conjunction (i.e., a model in which both p and q were true) both in the Mental Models set and in the Fully Explicit Models set. This is so because in that model neither p nor q are denied. So, it can belong both to the Mental Models and to the Fully Explicit Models of the inclusive disjunction.
Thus, the case of the conditional is easy to understand. Its Mental Models set include, again, only the case in which the clauses are true:
But the Fully Explicit Models also refer to other two situations in which, despite the fact that there are negations, the conditional in entirety can be true:
¬ p q ¬p ¬q Table 9 .2 in Johnson-Laird (2012, p. 138), which does not use the letters 'p' and 'q', but 'A' and 'B', also describes other connectives, but those indicated can be enough for the goal of this paper. Perhaps it is only necessary to add now that another important concept of the theory is that of modulation. This concept refers to the fact that, although combinations such as those mentioned are the habitual combinations for the connectives explained, people do not always assign those combinations to those connectives, since "…content, context, or knowledge can prevent the construction of a model and can add information to a model" (Johnson-Laird et al., 2015, p. 202) . This can be clearly seen in the following example:
"If she played a musical instrument then she didn't play a flute" (Johnson-Laird, 2010, p. 201) .
In principle, one might think that, because it is a conditional, this sentence should have one Mental Model:
And three Fully Explicit Models:
Nonetheless, the last Fully Explicit Model is impossible, as it is not possible to play a flute and not to play a musical instrument. So, modulation removes this last model and, finally, the sentence only has two Fully Explicit Models (the way the mental models theory considers this example is also explained, e.g., in López-Astorga, 2016b, p. 18).
Of course, more aspects of the theory could also be dealt with here. For example, the way it considers the negated sentences (e.g., Khemlani et al., 2012 Khemlani et al., , 2014 . However, the points described enable to develop my explanation without the need to make this paper excessively extensive. In this way, what is interesting now is to see how the theory works in practice.
The inferential activity following the mental models theory 3.
The best way to see how the mental models theory explains the human inferential activity is by means of examples. Let us think about the following inference:
"If there is a triangle then there isn't a circle.
There is a circle So, there isn´t a triangle" (Johnson-Laird, 2010, p. 201). According to the theory, to make this kind of inference (which, as it is known, is an instance of Modus Tollendo Tollens) has an especial difficulty, since, to do that, it is necessary to identify the Fully Explicit Models of the first premise and its Mental Model is not enough (see, e.g., Byrne & Johnson-Laird, 2009, pp. 282-283) . Indeed, the Mental Model only gives this possible situation:
And the second premise proposes a scenario in which there is a circle. So, individuals need to make effort and display all of the Fully Explicit Models:
Thus, people can note that, in the only scenario in which it is true that, as provided by the second premise, there is a circle (the third Fully Explicit Model), it is not possible that there is a triangle. Therefore, the expected conclusion is, if all of the Fully Explicit Models are detected, that, certainly, there is not a triangle.
But the sentence used as an example in the previous section can also be useful here:
"If she played a musical instrument then she didn't play a flute. She played a flute. So, she didn't play a musical instrument" (Johnson-Laird, 2010, p. 201) .
As it can be noted, this inference has the same formal structure as the previous one (it matches Modus Tollendo Tollens again). Nevertheless, according to the theory, it is not probable that individuals come to the conclusion in this case. The reason is that commented on above. The Fully Explicit Models of the first premise are only two, and the one necessary to derive the conclusion, the third one, the one in which she did not play a musical instrument and she did play a flute, is impossible. This is one of the strengths of the theory and, according to its proponents, a clear advantage over the syntactic or formal frameworks. True, a theory claiming that people reasoning following, for example, Gentzen's (1935) calculus could not account for this fact. In that calculus, these two last inferences have exactly the same structure, which is this one:
And, as it is well known, in standard logic, [p → ¬q, q] ⊢ [¬p], no matter the contents of [p] and [q] (as said, a similar account in this regard is to be found, e.g., in López-Astorga, 2016b, p. 18, too) .
Undoubtedly, the mental models theory seems to be right here, since it is hard to suppose that somebody will agree with the conclusion in the second example, and this is a real problem that the syntactic theories need to solve. Nonetheless, the advantages of the mental models theory are even more obvious if other examples are considered. Another interesting case is that of the inferences such as the following: (Orenes & Johnson-Laird, 2012, p. 375). According to Orenes and Johnson-Laird (2012) , most of the individuals do not respond positively in cases such as this (and this is something that they confirm experimentally) because one of the models of the conclusion is in contradiction with the premise (a description of the explanation of this phenomenon given by the mental models theory can also be found, e.g., in López-Astorga, 2015b, pp. 144ff). True, the Fully Explicit Models of the disjunction in the conclusion are these:
David visited England. Does it follow that David visited Paris or he visited England?"
And the third one is incompatible with the premise (David did visit England), which explains why the participants in the study carried out by Orenes and Johnson-Laird tended to reject the conclusion of inferences such as this one.
But Orenes and Johnson-Laird (2012) further confirmed the predictions of the mental models theory proposing to their participants inferences such as the following as well:
"Lucia wore jewelry. Therefore, Lucia wore the bracelet or she wore jewelry" (Orenes & Johnson-Laird, 2012, p. 363; see also, e.g., López-Astorga, 2015b, p. 145) .
In these experimental conditions, the participants did accept the conclusion and, in Orenes and Johnson-Laird's view, the reason is not hard to understand either (this is accounted for, e.g., in López-Astorga, 2015b, p. 145, too) . Modulation removes the controversial combination here, since the conclusion only has these two Fully Explicit Models:
The third one, which would be inconsistent with the premise (it would provide that Lucia wore the bracelet and did not wear jewelry), is impossible. So, it is evident why the participants considered these inferences to be correct as well.
Following Orenes and Johnson-Laird's (2012) arguments, it can be said that this is also an important challenge for the syntactic or formal theories because, again, the last two inferences have identical formal structure:
And in standard propositional calculus, as it is also well known,
It is hence very difficult to explain the results of these tasks from it or similar frameworks.
In my view, these facts prove that the mental models theory can be right that human reasoning can be about possibilities, and that the semantic content can be necessary to detect such possibilities. Nonetheless, I think that this does not mean that there is not a syntax in the human mind or that human reasoning has nothing to do with formal logic. From the models, whether Mental Models or Fully Explicit Models, formulae in the system K language can be built, and, thus, it is easy to come to the results expected by the mental models theory in that system. I show this below.
Combinations of possibilities and K 4.
As it is also well known, after Kripke and his work in modal logic (e.g., Kripke, 1959 Kripke, , 1962 Kripke, , 1963a Kripke, , 1963b Kripke, , 1965 , a particular axiomatic system is called 'K' in his honor. That system assumes standard logic and its operators (it is true that in K some of those operators are defined by means of others, but the final result is that all of them are a part of the system) and, in addition, includes two more operators: the one of necessity ('□') and the one of possibility ('◊'). Thus, these definitions hold:
The system also has a special rule and an additional axiom, but, as far as the aims of this paper are concerned, it is only necessary to consider the rule, which is usually named 'the necessitation rule':
[NR] If X is a theorem, then so is □X.
But the point is, as said, that this system is clearly compatible with the derivations of conclusions made by the mental logic theory from its combinations of possibilities. However, to note that, another aspect needs to be explained: the way such possibilities can be transformed into well formed formulae in the K language. A first step in this direction can be to consider each model or possibility to be a conjunction and, therefore, each element of each model to be a conjunct. Really, this idea is not new, as it appears to be explicitly present in some previous works about the relationships between the possibilities of the mental models theory and logical forms (e.g., López-Astorga, 2014 , 2015b , 2015c . Thus, for example, the Mental Model of the conditional could be expressed as follows:
And its Fully Explicit Models could be transformed into these formulae:
Nevertheless, one more step would be necessary too. Given that the models represent possibilities, this characteristic of them should be also indicated. Evidently, K has the resources to do that. It is enough to resort to the operator ◊ and complete the formulae with it. So, for instance, the truly suitable way to express the Fully Explicit Models of the conditional would be this one:
Now, it can be clearly noted that the models do not refer to facts, but only to possibilities, and, as shown in the next section, this formal expression of them is an important element to connect the mental models theory with K. This point is developed below with the help of the same examples commented on above.
The predictions of the mental models theory and K 5.
The first example is that of the triangle and the circle. Given that its first premise is a conditional ('If there is a triangle then there is not a circle'), there are two options: only the Mental Model of that premise is detected and all of its Fully Explicit Models are identified. However, the problem is that, in both cases, that premise only refers, as explained, to possibilities (one when the Mental Model is detected and three when the Fully Explicit Models are so). In this way, individuals only know for sure what is indicated by the second premise, that is, that 'there is a circle'. Therefore, it seems to be justified to work in K just from this last datum in order to discover the consequences that can be derived from it, and whether or not such consequences are compatible with one or more of the models corresponding to the first conditional premise. Thus, it can be said that, in the case in which only the Mental Model of this last premise is identified, the formula that can be linked to that model is, as accounted for, [◊(p ∧ ¬q)] (where 'p' refers to the triangle and 'q' represents the circle), and that the following deduction in K shows in a obvious way why nothing is inferred:
(from 3 by the definition of □)
Indeed, given [q], i.e., the fact that 'there is a circle', the model must be rejected, since, as shown in step [5] , in a scenario in which [q] is true, [p ∧ ¬q] cannot be possible. Accordingly, to make an inference here, it is necessary, as also explained, to detect all of the Fully Explicit Models.
When that happens, the formulae representing the possibilities are [◊(p ∧ ¬q)], [◊(¬p ∧ ¬q)], and [◊(¬p ∧ q)]. But again steps [1] to [5] reveal that the first formula must be rejected. Likewise, something similar occurs with the second formula, as it can be seen in the next steps:
(from 7 by the definition of □)
Clearly, step [9] indicates that [q] is incompatible with [◊(¬p ∧ ¬q)]. The only possibility that remains is hence that of the third formula, which cannot be demonstrated to be false if [q] is true in K. For this reason, it can be thought that [◊(¬p ∧ q)] is the formula that describes the only scenario that can be real and that, therefore, [¬p] must be true.
Nonetheless, the situation changes in the example of the musical instrument and the flute. Now, 'p' stands for the musical instrument and 'q' denotes the flute, and, although the account in the case in which only the Mental Model of the first conditional premise is detected can be exactly the same as the previous one, the circumstance is very different when its Fully Explicit Models are detected. [9] respectively, both of them are incompatible with a situation in which [q] is the case. So, it makes sense that people do not tend to conclude that she did not play a musical instrument given the premises, since that would only be so in a scenario that cannot be considered because it is not really possible (the scenario in which she plays a flute and does not play a musical instrument).
In connection with the example of David, England and Paris, it can be claimed that what changes now is the perspective. Given that the sentence that refers to different possibilities is now the conclusion, and not a premise, it seems that what must be checked is whether or not all of such possibilities are consistent with the premise, and not, as in the previous cases, which the model (or models) describing the real situation is (or are). If we assume that the disjunction is inclusive, that 'q' indicates that David visited England, and that 'p' refers to the fact that David visited Paris, based on all it has been said above, those possibilities would be the following:
The two first formulae are not a problem because K cannot prove that they are false if the premise [q] is true. This, in addition, also removes the problem of the interpretation of the disjunction (as inclusive or exclusive), since, if it were exclusive, the only difference would be that the first formula, [◊(p ∧ q)], would not be considered. However, given that this last formula, as mentioned, is not incompatible with [q], it is a difficulty neither it is included in the models set nor it is not. The real problem is the third formula, and that can be noted in step [5] , which reveals that, when [q] is the case, [◊(p ∧ ¬q)] cannot be so. Accordingly, the deductions of the system fit the predictions of the mental models theory in this example as well, since such deductions are not compatible with all of the formulae (possibilities) related to the conclusion, and hence also show why people tend to reject the conclusion in this kind of task.
Furthermore, after this explanation, what happens in the example of Lucia, the bracelet, and jewelry, if it is assumed that 'q' stands for the situation in which Lucia wears jewelry and 'p' denotes the scenario in which she wears the bracelet, is evident. The third formula, [◊(p ∧ ¬q)], cannot be taken into account because it is not possible that somebody wears a bracelet and does not wear jewelry. Therefore, there is no formula to consider that is incompatible with [q] in K and the conclusion can hence be accepted.
Conclusions
6.
Accordingly, it appears that it is still possible to support the idea that there is a syntax of thought. That syntax do not need to be similar to the one proposed by the mental logic theory. It can be a deeper syntax that works at models level, and not directly at natural language level, as the mental logic theory seems to claim. In this way, the most important point of this paper is that, even accepting the general theses of the mental models theory, it continues to make sense to speak about mental formal processes and a syntax of any kind.
Of course, it is very probable that the exact mental process made by individuals does not match a strict application of the formal rules and requirements of a system such as K. However, the fact that this last system can lead to conclusions absolutely compatible with those of the mental models theory means that we cannot totally ignore the possibility that human reasoning is, at least to some extent, linked to logic yet.
A reasonable option in this regard can be, following the basic ideas of papers such as, e.g., those of López-Astorga (2014, 2015b, 2015c) , to suppose two phases in the human reasoning activity. A first phase would be that in which the expressions in natural language are interpreted. This process would be always semantic and based on possibilities and the content of the sentences. Undoubtedly, this would be a crucial phase and it appears to be obvious that the discovery of this type of processes is a great finding of the mental models theory.
Nonetheless, this does not mean that a subsequent syntactic or formal process is not possible. That process would be the phase in which the inferences are actually made from the combinations of possibilities detected in the first phase. The consistency found in this paper between the predictions of the mental models theory and what can be inferred in a system such as K shows that this idea is not absurd. Clearly, it needs to be supported by further research, as, for example, it is necessary to check whether or not K is also compatible with other results reported in the literature that the mental models theory can explain, but, as said, it is not a baseless idea.
Furthermore, as it is well known, there are several problems that all of the syntactic reasoning theories and any intent to describe the syntax of thought, including the proposal of this paper, have to face. One of them is, for instance, the fact that standard calculus (and K is based on standard calculus) enables infinite conclusions. Johnson-laird et al., 2015, p. 201) . On the other hand, another difficulty is, for example, that related to the principle of explosion (Ex Falso Quodlibet Sequitur), which allows doing something that people do not usually do: to derive any conclusion from a contradiction (see, e.g., Johnson-Laird, 2010, p. 204) .
It is absolutely true that the syntactic frameworks such as that of the mental logic theory have given solutions to these and other problems. Thus, this last theory removes the difficulty of the infinite conclusions by stating that not all of the formal schemata in the human mind are of the same type, and that some of them (called 'Feeder Schemata') are only applied when useful (see, e.g., Braine & O'Brien, 1998c, p. 83) . Likewise, this same theory tries to overcome the inconveniences of the principle of explosion by affirming that, in the human mind, contradictions are not related to that principle, but only to the 'Reductio ad Absurdum strategy' (see, e.g., Braine & O'Brien, 1998c, p. 83; Braine & O'Brien, 1998d, p. 206) . In fact, the theory proposes even a program accounting for the order in which people generally use the different schemata (see, e.g., Braine & O'Brien, 1998c, pp. 82-83, Table 6 .2). However, this theory seems to continue to have another important problem of the formal theories: they need to explain the exact process why logical forms are recovered from the expressions in natural language (see, e.g., Johnson-Laird et al., 2015, p. 202) . As said, the mental logic theory seems to apply its schemata to sentences in natural language and, as it is known, the same words in natural language do not necessarily lead to the same logical forms. This is a difficulty clearly solved by the mental models theory and, for reasons such as this one, it appears to be justified to think about a syntax of thought that do not ignore the potential of the mental models theory. This paper has been an attempt in this way and, although there is no doubt that further study is necessary to remove some of its limitations, perhaps it has revealed a possible direction that the research on the relationships between syntax and semantics in the human mind should follow.
